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Concepts in Electric Circuits Preface

Preface

This book on the subject of electric circuits forms part of an interesting initiative taken by Ventus Pub-
lishing. The material presented throughout the book includes rudimentary learning concepts many of
which are mandatory for various engineering disciplines including chemical and mechanical. Hence

there is potentially a wide range of audience who could be benefitted.

It is important to bear in mind that this book should not be considered as a replacement of a textbook.
It mainly covers fundamental principles on the subject of electric circuits and should provide a solid
foundation for more advanced studies. I have tried to keep everything as simple as possible given the
diverse background of students. Furthermore, mathematical analysis is kept to a minimum and only

provided where necessary.

I would strongly advise the students and practitioners not to carry out any experimental verification of
the theoretical contents presented herein without consulting other textbooks and user manuals. Lastly,
I shall be pleased to receive any form of feedback from the readers to improve the quality of future

revisions.

W. Naeem

Belfast

August, 2009
w.naecem@ee.qub.ac.uk
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Chapter 1

Introduction

The discovery of electricity has transformed the world in every possible manner. This phenomenon,
which is mostly taken as granted, has had a huge impact on people’s life styles. Most, if not all mod-
ern scientific discoveries are indebted to the advent of electricity. It is of no surprise that science and
engineering students from diverse disciplines such as chemical and mechanical engineering to name
a few are required to take courses related to the primary subject of this book. Moreover, due to the
current economical and environmental issues, it has never been so important to devise new strategies
to tackle the ever increasing demands of electric power. The knowledge gained from this book thus
forms the basis of more advanced techniques and hence constitute an important part of learning for

engineers.

The primary purpose of this compendium is to introduce to students the very fundamental and core
concepts of electricity and electrical networks. In addition to technical and engineering students, it
will also assist practitioners to adopt or refresh the rudimentary know-how of analysing simple as
well as complex electric circuits without actually going into details. However, it should be noted
that this compendium is by no means a replacement of a textbook. It can perhaps serve as a useful
tool to acquire focussed knowledge regarding a particular topic. The material presented is succinct
with numerical examples covering almost every concept so a fair understanding of the subject can be

gained.

1.1 Contents of the Book

There are five chapters in this book highlighting the elementary concepts of electric circuit analysis.
An appendix is also included which provides the reader a mathematical tool to solve a simultaneous
system of equations frequently used in this book. Chapter 2 outlines the idea of voltage and current
parameters in an electric network. It also explains the voltage polarity and current direction and the
technique to correctly measure these quantities in a simple manner. Moreover, the fundamental circuit
elements such as a resistor, inductor and capacitor are introduced and their voltage-current relation-
ships are provided. In the end, the concept of power and energy and their mathematical equations
in terms of voltage and current are presented. All the circuit elements introduced in this chapter are
explicated in the context of voltage and current parameters. For a novice reader, this is particularly

helpful as it will allow the student to master the basic concepts before proceeding to the next chapter.
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A reader with some prior knowledge regarding the subject may want to skip this chapter although it

is recommended to skim through it so a better understanding is gained without breaking the flow.

In Chapter 3, the voltage-current relationships of the circuit elements introduced in Chapter 2 are
taken further and various useful laws and theorems are presented for DC! analysis. It is shown that
these concepts can be employed to study simple as well as very large and complicated DC circuits.
It is further demonstrated that a complex electrical network can be systematically scaled down to a
circuit containing only a few elements. This is particularly useful as it allows to quickly observe the
affect of changing the load on circuit parameters. Several examples are also supplied to show the
applicability of the concepts introduced in this chapter.

Chapter 4 contains a brief overview of AC circuit analysis. In particular the concept of a sinusoidal
signal is presented and the related parameters are discussed. The AC voltage-current relationships of
various circuit elements presented in Chapter 2 are provided and the notion of impedance is expli-
cated. It is demonstrated through examples that the circuit laws and theorems devised for DC circuits
in Chapter 3 are all applicable to AC circuits through the use of phasors. In the end, AC power analy-
sis is carried out including the use of power factor parameter to calculate the actual power dissipated

in an electrical network.

The final chapter covers AC circuit analysis using frequency response techniques which involves the
use of a time-varying signal with a range of frequencies. The various circuit elements presented in the
previous chapters are employed to construct filter circuits which possess special characteristics when
viewed in frequency domain. Furthermore, the chapter includes the mathematical analysis of filters

as well as techniques to draw the approximate frequency response plots by inspection.

'A DC voltage or current refers to a constant magnitude signal whereas an AC signal varies continuously with respect
to time.
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Chapter 2

Circuit Elements and Sources

2.1 Introduction

This chapter provides an overview of most commonly used elements in electric circuits. It also con-
tains laws governing the current through and voltage across these components as well as the power
supplied/dissipated and energy storage in this context. In addition, difference between ideal and non-
ideal voltage and current sources is highlighted including a discussion on sign convention i.e. voltage

polarity and current direction.

The concepts of current and voltage are first introduced as these constitutes one of the most funda-

mental concepts particularly in electronics and electrical engineering.

2.2 Current

Current can be defined as the motion of charge through a conducting material. The unit of current is

Ampere whilst charge is measured in Coulombs.

Definition of an Ampere

“The quantity of total charge that passes through an arbitrary cross section of a conduct-

ing material per unit second is defined as an Ampere.”

Mathematically,

I:%orQ:It @.1)

where () is the symbol of charge measured in Coulombs (C), [ is the current in amperes (A) and ¢ is

the time in seconds (s).

The current can also be defined as the rate of charge passing through a point in an electric circuit i.e.

_dQ

1= 7 2.2)
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A constant current (also known as direct current or DC) is denoted by the symbol I whereas a time-

varying current (also known as alternating current or AC) is represented by the symbol 7 or i(t).

Current is always measured through a circuit element.

Figure 2.1 demonstrates the use of an ampere-meter or ammeter in series with a circuit element, R,

to measure the current through it.

Ampere Metre
or
Ammeter

Circuit
Element

Figure 2.1: An ammeter is connected in series to measure current, I, through the element, R.

Example

Determine the current in a circuit if a charge of 80 coulombs (C) passes a given point in 20 seconds

(s).
Q=80C,t=20s,1="

t 20
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2.3 Voltage or Potential Difference

Definition

Voltage or potential difference between two points in an electric circuit is 1 V if 1 J

(Joule) of energy is expended in transferring 1 C of charge between those points.

It is generally represented by the symbol V' and measured in volts (V). Note that the symbol and the
unit of voltage are both denoted by the same letter, however, it rarely causes any confusion.

The symbol V' also signifies a constant voltage (DC) whereas a time-varying (AC) voltage is repre-

sented by the symbol v or v(t).

Voltage is always measured across a circuit element as demonstrated in Figure 2.2.

Voltmeter

-

e
Circuit
Element

Figure 2.2: A voltmeter is connected in parallel with the circuit element, R to measure the voltage
across it.

A voltage source provides the energy or emf (electromotive force) required for current flow. How-
ever, current can only exist if there is a potential difference and a physical path to flow. A potential
difference of 0 V between two points implies O A of current flowing through them. The current [ in
Figure 2.3 is 0 A since the potential difference across Ry is O V. In this case, a physical path exists

but there is no potential difference. This is equivalent to an open circuit.

3

Figure 2.3: The potential difference across R is 0 V, hence the current I is 0 A where Vs and I, are
the voltage and current sources respectively.

Table 2.1 summarises the fundamental electric circuit quantities, their symbols and standard units.

2.4 Circuit Loads

A load generally refers to a component or a piece of equipment connected to the output of an electric
circuit. In its fundamental form, the load is represented by any one or a combination of the following

Download free ebooks at bookboon.com
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‘ Quantity Symbol Unit
Voltage |4 Volts (V)
Current I Ampere (A)
Charge Q Coulomb (C)
Power P Watts (W)
Energy W Joules (J)
Time t seconds (s)

Table 2.1: Standard quantities and their units commonly found in electric circuits.

circuit elements

1. Resistor (R)
2. Inductor (L)
3. Capacitor (C)

A load can either be of resistive, inductive or capacitive nature or a blend of them. For example, a
light bulb is a purely resistive load where as a transformer is both inductive and resistive. A circuit
load can also be referred to as a sink since it dissipates energy whereas the voltage or current supply

can be termed as a source.

Table 2.2 shows the basic circuit elements along with their symbols and schematics used in an electric
circuit. The R, L and C are all passive components i.e. they do not generate their own emf whereas

the DC voltage and current sources are active elements.

Circuit Element Symbol Schematic

Resistor R —NN— or —

Inductor L SN

Capacitor C

-+ -
DC Voltage Source Vs ( ) or + | ‘ | =
DC Current Source I ( : )

Table 2.2: Common circuit elements and their representation in an electric circuit.
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2.5 Sign Convention

It is common to think of current as the flow of electrons. However, the standard convention is to take
the flow of protons to determine the direction of the current.

In a given circuit, the current direction depends on the polarity of the source voltage. Current always
flow from positive (high potential) side to the negative (low potential) side of the source as shown in
the schematic diagram of Figure 2.4(a) where Vj is the source voltage, V7, is the voltage across the

load and [ is the loop current flowing in the clockwise direction.

1

< »
& >

(a) (b)
Figure 2.4: Effect of reversing the voltage polarity on current direction.
Please observe that the voltage polarity and current direction in a sink is opposite to that of the source.

~

In Source current leaves from the positive terminal

In Load (Sink) current enters from the positive terminal

A reversal in source voltage polarity changes the direction of the current flow and vice versa as
depicted in Figures 2.4(a) and 2.4(b).
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2.6 Passive Circuit Elements

2.6.1 Resistor

To describe the resistance of a resistor and hence its characteristics, it is important to define the Ohm’s

law.

Ohm’s Law

It is the most fundamental law used in circuit analysis. It provides a simple formula describing the

voltage-current relationship in a conducting material.

Statement

The voltage or potential difference across a conducting material is directly proportional

to the current flowing through the material.

Mathematically

Vol
|4 \%
V=RlIorl=—-orR=—
or 7O 7
where the constant of proportionality R is called the resistance or electrical resistance, measured in
ohms (€2). Graphically, the V' — I relationship for a resistor according to Ohm’s law is depicted in
Figure 2.5.

v

A

\/

|
|
|
|
|
|
1

Figure 2.5: V — I relationship for a resistor according to Ohm’s law.
At any given point in the above graph, the ratio of voltage to current is always constant.

Example
Find R if the voltage V' and current I in Figure 2.5 are equal to 10 V and 5 A respectively.

V=10V, I=5A R="

Using Ohm’s law

Download free ebooks at bookboon.com
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"R=2Q

A short circuit between two points represents a zero resistance whereas an open circuit corresponds

|

+ ° \ +
V. Y . . \
Short circuited terminals s Open circuited terminals

R=0,V,=0 —o0, [=
- «— L ) [/' R=ow0,1=0

Figure 2.6: Short circuit and open circuit resistance characteristics.

to an infinite resistance as demonstrated in Figure 2.6.

»
L
1

~Y

A -

Using Ohm’s law,
when R = 0 (short circuit), V =0V
when R = co (open circuit), [ =0 A

Conductance

Conductance (G) is the exact opposite of resistance. In mathematical terms,

v
I =—==VG
R
where GG is measured in siemens (S) and sometimes also represented by the unit mho (U) (upside-

down omega).

2.6.2 Capacitor

A capacitor is a passive circuit element that has the capacity to store charge in an electric field. It
is widely used in electric circuits in the form of a filter. The V' — I relationship for a capacitor is

governed by the following equation

. dv 1 [t
Z—C’dtorv—c/o idt 4+ v(0)

where C' is the capacitance measured in Farads (F) and v(0) is the initial voltage or initial charge

stored in the capacitor.

When v = V' (constant DC voltage), % = 0, and 7 = 0. Hence a capacitor acts as an open circuit to
DC.

Download free ebooks at bookboon.com
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Example

For the circuit diagram shown in Figure 2.7, determine the current, I flowing through the 5 €2 resis-
tance.

~Y

* 50

1F

T

Figure 2.7

Since the supply voltage is DC, therefore the capacitor will act as an open circuit. Hence no current

can flow through the circuit regardless of the values of capacitor and resistor i.e.

I=0

2.6.3 Inductor

An inductor is a piece of conducting wire generally wrapped around a core of a ferromagnetic mate-
rial. Like capacitors, they are employed as filters as well but the most well known application is their

use in AC transformers or power supplies that converts AC voltage levels.

In an inductor, the V' — I relationship is given by the following differential equation

. 1 t
v:LZzori:L/o vdt +i(0)
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where L is the inductance in Henrys (H) and ¢(0) is the initial current stored in the magnetic field of
the inductor.

When ¢ = I (constant DC current), % = 0, v = 0. Hence an inductor acts as a short circuit to DC.
An ideal inductor is just a piece of conducting material with no internal resistance or capacitance.

The schematics in Figure 2.8 are equivalent when the supply voltage is DC.

» »
> Lt

1 1

Figure 2.8: An ideal inductor can be replaced by a short circuit when the supply voltage is DC.

A summary of the V' — I relationships for the three passive circuit elements is provided in Table 2.3.

‘ Circuit Element Voltage Current
Resistor V=IR I = v
R
di 1t :
Inductor v=L—, v=0forDC i=— [ wdt+i(0)
dt L Jy
. I , dv
Capacitor v=— [ 4dt+ v(0) i=C—,i=0forDC
C Jo dt

Table 2.3: V' — I relationships for a resistor, inductor and capacitor.
2.7 DC Sources

In general, there are two main types of DC sources

1. Independent (Voltage and Current) Sources

2. Dependent (Voltage and Current) Sources

An independent source produces its own voltage and current through some chemical reaction and
does not depend on any other voltage or current variable in the circuit. The output of a dependent
source, on the other hand, is subject to a certain parameter (voltage or current) change in a circuit

element. Herein, the discussion shall be confined to independent sources only.

2.7.1 DC Voltage Source

This can be further subcategorised into ideal and non-ideal sources.

Download free ebooks at bookboon.com
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The Ideal Voltage Source An ideal voltage source, shown in Figure 2.9(a), has a terminal voltage
which is independent of the variations in load. In other words, for an ideal voltage source, the sup-
ply current alters with changes in load but the terminal voltage, V;, always remains constant. This

characteristic is depicted in Figure 2.9(b).

<

>/

(a) An ideal voltage source. (b) V' — I characteristics of an ideal voltage
source.

Figure 2.9: Schematic and characteristics of an ideal voltage source

Non-Ideal or Practical Voltage Source For a practical source, the terminal voltage falls off with

an increase in load current. This can be shown graphically in Figure 2.10(a).

This behaviour can be modelled by assigning an internal resistance, R, in series with the source as
shown in Figure 2.10(b).

-/
Practical Voltage Source
(a) V —1I characteristics of a practical volt- (b) A practical voltage source has an internal resis-
age source tance connected in series with the source.

Figure 2.10: Characteristics and model of a practical voltage source

where R, represents the load resistance.

The characteristic equation of the practical voltage source can be written as

VL =Vs— Rl

For an ideal source, Rs = 0 and therefore V;, = V.
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Example

The terminal voltage of a battery is 14 V at no load. When the battery is supplying 100 A of current

to a load, the terminal voltage drops to 12 V. Calculate the source impedance!'.

Vs =V = 14.0 V when I = 0 A (without load)

Vi, =12.0 V when I = 100 A (at full load)

V=V, — Rl

R_V;—VL_14—12_i

S 7 100 100
.= 0.02Q

"Impedance is a more common terminology used in practice instead of resistance. However, impedance is a generic
term which could include inductive and capacitive reactances. See Chapter 4 for more details
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Voltage Regulation

Voltage regulation (V' R) is an important measure of the quality of a source. It is used to measure
the variation in terminal voltage between no load (I, = 0, open circuit) and full load (I, = Iry) as

shown in Figure 2.11.

Figure 2.11: No load and full load voltages specified on a V' — I characteristic plot of a practical
voltage source.

If Viyr, and Vg, represents the no load and full load voltages, then the V' R of a source is defined

mathematically as

VL — VrL

VR=
VFrL

x 100%

For an ideal source, there is no internal resistance and hence V;, = Vg, and

VR = 0%

Hence, the smaller the regulation, the better the source.

In the previous example, Vi, = 14.0 V and Vg, = 12.0 V, therefore

1412

VR B

x 100 = 16.67%

2.7.2 DC Current Source

A current source, unlike the DC voltage source, is not a physical reality. However, it is useful in deriv-
ing equivalent circuit models of semiconductor devices such as a transistor. It can also be subdivided

into ideal and non-ideal categories.

The Ideal Current Source By definition, an ideal current source, depicted in Figure 2.12(a), pro-
duces a current which is independent of the variations in load. In other words the current supplied by
an ideal current source does not change with the load voltage.

Non-Ideal or Practical Current Source The current delivered by a practical current source falls
off with an increase in load or load voltage. This behaviour can be modelled by connecting a resis-

tance in parallel with the ideal current source as shown in Figure 2.12(b) where R is the internal
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r-——— -~~~ ~-—"—-- 1
| [
| | + IL
| |
| |
[ A Ly
lIS | L RL
8 | |
| |
| |
I I
| l o
e — —_ = |
Practical Current Source
(a) An ideal current source (b) A practical current source has an

internal resistance connected in parallel
with the source.

Figure 2.12: Ideal and non-ideal current sources.

resistance of the current source and R, represents the load.

The characteristic equation of the practical current source can be written as

v
IL:IS—R—Z

In an ideal current source, Rs = oo (open circuit), therefore I, = I.

2.8 Power

Given the magnitudes of V' and I, power can be evaluated as the product of the two quantities and is
measured in Watts (W).

Mathematically

P =VI(W)

Example

If the power dissipated in a circuit element is 100 W and a current of 10 A is flowing through it,

calculate the voltage across and resistance of the element.

P=100W,I=10A,V =2R=7

P=VI
P 100
v
7= 10 W
V10
Also, R= - = — —10Q
50 710
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Alternate Expressions for Power Using Ohm’s Law

Using Ohm’s law i.e. V' = I R, two more useful expressions for the power absorbed/delivered can be

derived as follows
P=VI=(IR)I=1IR

_ Vv
Also, I = B

Example

A light bulb draws 0.5 A current at an input voltage of 230 V. Determine the resistance of the filament
and also the power dissipated.

From Ohm’s law
V230
R=—=—=4600Q
I 05
Since a bulb is a purely resistive load, therefore all the power is dissipated in the form of heat. This

can be calculated using any of the three power relationships shown above

P = VI=230x05=115W
= I’R=(0.5)? x 460 = 115 W
V2 o (230)

= =21 115w
R~ 460
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2.9 Energy

Energy is defined as the capacity of a physical system to perform work. In the context of electric

circuits, energy (w) is related to power by the following relationship

*m’*d—w
P=or=g

i.e. power is the rate of change of energy.

Using Equation 2.2, voltage can also be written in terms of energy as the work done or energy supplied

per unit charge (q) i.e.

In terms of the three passive circuit elements, R, L and C, the energy relationships can be derived as

follows

Resistor

=] S

p:m’:izR:

Electrical power or energy supplied to a resistor is completely dissipated as heat. This action is

irreversible and is also commonly termed as i? R losses.

Inductor

p=vi=Li—

Total energy supplied from O to ¢ is

t tdl
w:/pdt:L/idt:L/idi

1
|W = _-LI*
2

This energy is stored in the magnetic field of the inductor which can be supplied back to the circuit

when the actual source is removed.
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Capacitor

pzmsz%

Total energy supplied from O to ¢ is

t t d
w=/pdt:C/v—Udt=C/vdv

1
W= 5CV2

This energy is stored in the electric field of the capacitor which is supplied back to the circuit when

the actual source is removed.
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Chapter 3

Circuit Theorems

3.1 Introduction

This chapter outlines the most commonly used laws and theorems that are required to analyse and
solve electric circuits. Relationships between various laws and equation writing techniques by in-
spection are also provided. Several examples are shown demonstrating various aspects of the laws. In
addition, situations are presented where it is not possible to directly apply the concepts and potential

remedies are provided.

3.2 Definitions and Terminologies

In the following, various definitions and terminologies frequently used in circuit analysis are outlined.
The reader will regularly encounter these terminologies and hence it is important to comprehend those

at this stage.

e Electric Network A connection of various circuit elements can be termed as an electric network.

The circuit diagram shown in Figure 3.1 is an electric network.

e Electric Circuit A connection of various circuit elements of an electric network forming a
closed path is called an electric circuit. The closed path is commonly termed as either loop or

mesh.

In Figure 3.1, meshes BDEB, ABCA and BCDB are electric circuits because they form a closed
path. In general, all circuits are networks but not all networks are circuits.

e Node A connection point of several circuit elements is termed as a node. For instance, A, B,
C, D and E are five nodes in the electric network of Figure 3.1. Please note that there is no

element connected between nodes A and C and therefore can be regarded as a single node.

e Branch The path in an electric network between two nodes is called a branch. AB, BE, BD,
BC, CD and DE are six branches in the network of Figure 3.1.
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Figure 3.1: An electric network showing nodes, branches, elements and loops.

3.3 Kirchoff’s Laws

Arguably the most common and useful set of laws for solving electric circuits are the Kirchoff’s
voltage and current laws. Several other useful relationships can be derived based on these laws.
3.3.1 Kirchoff’s Voltage Law (KVL)

“The sum of all the voltages (rises and drops) around a closed loop is equal to zero.”

In other words, the algebraic sum of all voltage rises is equal to the algebraic sum of all the voltage

drops around a closed loop. In Figure 3.1, consider mesh BEDB, then according to KVL
Vsa=Vy+ Vs

What do the telephone handset and
the Celsius thermometer have in common with
the pacemaker and the computer mouse?

They are all
Swedish inventions
used every day worldwide.
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Example

In each of the circuit diagrams in Figure 3.2, write the mesh equations using KVL.

Ry R,
+ +
(a) Single mesh with current /. (b) Two meshes with currents /7 and Is.
R
L=

+—|E [>

(c) Three meshes with currents I, I2 and Is.

Figure 3.2: Circuit diagrams to demonstrate the application of KVL in the above example.

Figure 3.2(a) contains a single loop hence a single current, I is flowing around it. Therefore a single

equation will result as given below

Vs =1R1 + IRy 3.1

If Vi, R and Ry are known, then I can be found.

Figure 3.2(b) contains two meshes with currents I; and /5 hence there will be two equations as shown
below. Note that the branch containing R is common to both meshes with currents I; and I> flowing

in opposite directions.

Left loop

Vs = LR+ (L1 —12)Ry
Vs = (Ri+ Ra2)li — Rols (3.2)

Right loop

0 = (IQ — Il)RQ + IrR3
0 = —Rol1 + (RQ + R3).[2 3.3)

Given V;, Ry, Rs & Rs, Equations 3.2 and 3.3 can be solved simultaneously to evaluate /7 and Io.

For the circuit diagram of Figure 3.2(c), three equations need to be written as follows. Also note that

there is no circuit element shared between loops 2 and 3 hence I and I3 are independent of each other.
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Left bottom loop

S
|

(It = I3)Ry + (I1 — I2)Ry
Vo = (Ri+Ro)li — Roly — RyI3

Right bottom loop

0 = (IQ — Il)RQ + IbR3
0 = —Roli +(R2+ R3)Is

Upper loop

0 = (13 — Il)R1 + IsRy
0 = —Ril1 +(R1+ Ry)Is

(3.4)

(3.5)

(3.6)

If V; and resistors’ values are known, the mesh currents can be evaluated by solving! Equations 3.4,

3.5 and 3.6 simultaneously.

Resistors in Series

Consider Figure 3.3 with one voltage source and two resistors connected in series to form a single

mesh with current /.

1

v, R

(ORI

Vs R,

;7

Figure 3.3: Series combination of two resistors.

According to KVL

Ve=Vi+Vs

Using Ohm’s law (V' = I R) from Chapter 2,

IReq = IRy + 1Ry
Req - R1+R2

(3.7)

"When there are three or more unknown variables, it may be convenient to use matrix method or Cramer’s rule. See

Appendix A for a description of Cramer’s rule.

Download free ebooks at bookboon.com

30



Please click the advert

Concepts in Electric Circuits Circuit Theorems

where R, is the combined or equivalent resistance of the series network. Hence the equivalent resis-
tance of two or more resistors connected in series is given by the algebraic sum of all the resistances.

In general, for n number of serial resistors, ., is given by

Reyg=Ri+ Ry +R3+---+ R, 3-8)

Voltage Divider Rule (VDR)

Voltage divider rule provides a useful formula to determine the voltage across any resistor when two
or more resistors are connected in series with a voltage source. In Figure 3.3, the voltage across
the individual resistors can be given in terms of the supply voltage and the magnitude of individual

resistances as follows

Ry
Vi = Vo——7— 3.9
1 Rit Ry (3.9
Ry
Vo = Vo——"T— 3.10
2 R+ Ry (3.10)

In general, for n» number of resistors connected in series, the voltage across the ith resistor can be

specified as

R;
Vi=V;
Ri+Ro+-+Ri+-+ Ry

(3.11)
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3.3.2 Kirchoff’s Current Law (KCL)

“The algebraic sum of all the currents entering or leaving a node in an electric circuit is

equal to zero.”

In other words, the sum of currents entering is equal to the sum of currents leaving the node in an

electric circuit. Consider node B in Figure 3.1, then according to KCL

L+ 1L,=1+ 13

Example

For the circuit diagrams depicted in Figure 3.4, write the nodal equations.

v Vi Ry Vs
————————————————— - ptittntntuntiond B R I Tttt
PN — e pp—— [ gy i N R SN ——
I CD v R Ry R3 I; CD R, Ry
R ———————i T
Reference node Reference node
(a) A single node with voltage V. (b) Two nodes with voltages V7 and V5.
Vi

@ |

Reference node

(c) Three nodes with voltages Vi, V> and V3.

Figure 3.4: Circuit diagrams to demonstrate the application of KCL in the above example.

Figure 3.4(a) contains just one node excluding the reference, hence one equation is required.

|4 v |4
Ig=— 4+ —+ — 3.12
Ry + Ry * Rs (3.12)

If I, R1, R and Rs are know in Equation 3.12, V' can be determined.

In Figure 3.4(b), two equations are written for the two nodes labelled V] and V5.
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Left node
L W W
’ Ry Ry
1 1 1
Iy, = |[=—+—=—|W—-—=—V 3.13
<R1+R4> 1 Ra 2 ( )
Right node
T (R N 3
B Ry Ry  Rs
1 1 1 1
0 = ——=—V — 4+ =+ =1V 3.14
R41+<R2+R3+R4)2 (3.14)

Equations 3.13 and 3.14 can be simultaneously solved to determine the node voltages provided the

resistors’ values and I are known.

Figure 3.4(c) contains 3 nodes hence three equations are required to solve for node voltages Vi, Vo
and V3.

Left node
i Vi—W
I, = —
R1+ Ry
1 1 1
I, = — 4+ — |V = =V 3.15
<R1+R4> TR (3.15)
Middle node
VoV Vo Vo153
0 = —
Ry +R2+ R
1 1 1 1 1
0 = ——V — + — 4+ — | Vo — —V- 3.16
R41+(R2+R4+R5>2 Ry ° (3.16)
Right node
Vs—Vo V3
0 = 9
Ry JrRg,
1 1 1
0 = ——W — 4+ — | VA 3.17
e 2+(R3+R5> 3 (3.17)

Node voltages Vi, V5 and V3 can be evaluated by simultaneously solving Equations 3.15, 3.16 and
3.17 using Cramer’s rule.
Resistors in Parallel

Consider Figure 3.5 with a single current source and two resistors connected in parallel. All parallel

circuit elements have the same voltage, V" across themi.e. V3 = Vo =V
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<
%

Figure 3.5: Parallel connection of resistors.

Applying KCL at node A
I;,=L+1
Using Ohm’s law (I = %)
Vv Vv Vv
= — —|— —_—
Req Rl RQ
1 1 1
= —+ = 3.18
Rey Ry * Ry (3-18)

where R, is the equivalent resistance of the parallel® network of resistors. For n number of resistors

connected in parallel, the combined resistance is given by

1 1 1 1 1
= — 4+ — 4 — 4 — 3.19
Ry R1+R2+R3+ +Rn ( )
or in terms of conductance, G
Geq=G1+G2+G3+'”+Gn (3.20)

*To illustrate a parallel relationship between two or more resistors, the symbol /|| is occasionally used.
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Current Divider Rule (CDR)

Current divider rule provides a useful relationship for determining the current through individual
circuit elements that are connected in parallel. For the circuit depicted in Figure 3.5, the current
through each resistor can be evaluated using the following formulae

Ry
L = [(—————— 3.21
1 Rit Iy (3.21)
Ry
I, = [(———— 3.22
2 Rt Ry (3.22)

Notice the difference between VDR and CDR (for two resistors) in terms of the resistor value in the
numerators. In order to generalise CDR for n number of resistors, the conductance parameter is used.
Hence to find the current through ith of n resistors connected in parallel, the following relationship

can be used

PG+ Gt + G+ Gy
The above equation has the same form as the generalised VDR with R replaced by G and voltages

I; (3.23)

replaced by current variables.

3.4 Electric Circuits Analysis

The KVL, KCL and Ohm’s law are the primary tools to analyse DC electric circuits. The term nodal
analysis is generally used when analysing an electric circuit with KCL whereas loop or mesh analysis

is designated for problem solving using KVL.

The mesh and nodal analysis methods outlined below are quite systematic and usually provides the
solution to a given problem. However, they are fairly computational and an alternative straightforward
solution may exist using circuit reduction techniques such as series/parallel combination of resistors
and/or VDR/CDR methods.

3.4.1 Mesh Analysis
The mesh analysis technique consists of the following steps
1. Transform all currents sources to voltage sources, if possible (see Section 3.8).
2. Identify and assign a current to each mesh of the network (preferably in the same direction).
3. Write mesh equations using KVL and simplify them.
4. Solve the simultaneous system of equations.

5. Number of equations is equal to number of meshes in the network.
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3.4.2 Nodal Analysis
The following steps describe the nodal analysis method
1. Transform all voltage sources to current sources, if possible (see Section 3.8).

2. Identify and assign an arbitrary voltage to each node including the reference node in the network
assuming all currents leaving the node. The reference node is normally assumed to be at zero

potential.
3. Write nodal equations using KCL and simplify them.
4. Solve the simultaneous system of equations.

5. Number of equations is N — 1 where NV is the number of nodes in the network including the

reference node.

Example

Calculate the current supplied by the 30 V source and the current through each resistor in the circuit
diagram shown in Figure 3.6 using (1) nodal analysis, (2) mesh analysis and (3) circuit reduction
techniques, where Ry = Ry = R3 = R4 = 10 Q2.

[ ]
R
1

+

Vs C) R, Rs Ry

Figure 3.6
Solution 1. Nodal Analysis

Source transformation is not possible for this circuit since it requires a resistor in series with the volt-
age source (see Section 3.8). Three nodes are identified in the above circuit diagram and labelled as
0, 1 and 2 as illustrated in Figure 3.7 where 0 is the reference node. Specify V; and V5 as voltages of

nodes 1 and 2 respectively.
The voltage source, Vs and Rs are in parallel therefore V), = V; = 30 V is known by inspection.

Applying KCL at node 2 assuming all currents are leaving the node, therefore

Vo—-Vi Vo V5
24729
Ry R3+R4

Vo—-30 Vo Vs

0 T 10 Y
Va—30+Va+Va=0
Vo=10V
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The required currents can now be found using Ohm’s law.

Vi—-Va 30-10

I = =~ =710 2A
In, = }2:?8:31&
oo BB,
Ip, = E:L?:M

The current supplied by the voltage source, I is given by the sum of currents Ir, and Ig, i.e.

ISZIRl—i-IRQ:Z—i-?):SA

. I 2
|
R
4
VS <> Rz R3 R4
:

Figure 3.7: Circuit diagram showing three nodes labelled as 0, 1, 2 where O is the reference node.
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Solution 2. Mesh Analysis

Three meshes can be identified with currents I, I> and I3 as illustrated in Figure 3.8 where all the

currents are assumed to be flowing in the clockwise direction.

]
| I

1

R
+
(ORI IR IDIIE

Figure 3.8: For mesh analysis, three loops are highlighted with currents /7, I and 5.

Observe the common (shared) circuit elements between the meshes such as Ry (between meshes 1
and 2) and R3 (between meshes 2 and 3). The current through Ro, for instance, will be I; — Is when

considering mesh 1 whilst it will be I3 — I for mesh 2.

The KVL equations can now be written as follows

(I — )Ry = Vi
(IQ —Il)R2+IQR1+(IQ —Ig)Rg =0
(13 - IQ)R3 +I3Ry = 0

Substitute the given values of the resistors and voltage source,

L-1I, = 3 (3.24)
L-3L+1I3 = 0 (3.25)
Ib—-2I3 = 0 (3.26)

The solution of the above simultaneous equations can be obtained either by substitution or by Cramer’s

rule or matrix method. Herein, the Cramer’s rule explained in Appendix A is employed.

3 -1 0 13 0 1 -1 3
0 -3 1 10 1 1 =30
0 1 -2 00 —2 0 1 0
L = =5A, I = = 2A, 3 = =1A
1 -1 0 1 -1 0 1 -1 0
1 -3 1 1 -3 1 1 -3 1
0 1 -2 0 1 -2 0 1 -2
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S Is=10L = bHA,

I, =1, = 2A,

Ig, =13 = 1A,
Ip, =11 —I = 3Aand
Ip, =1, —1I3 = 1A

Solution 3. Circuit Reduction Techniques

Circuit reduction techniques include series/parallel combination and VDR/CDR formulae. From the
schematic diagram in Figure 3.6, it is clear that 3 and R4 are in parallel, therefore they can be

combined and reduced to a single resistor, Rs using Equation 3.18. Hence

R3R4 B 10 x 10 B

= = =50
Rs + Ry 10+ 10

Rs

Rs is in series with R, therefore the combined resistance Rg can be calculated by Equation 3.7 which

is a simple algebraic sum i.e.
Re=R1+R;5=10+5=159Q

The equivalent resistance, Rg, is now in parallel with Ry giving a single resistance, R of 6 €2. The

process at each step is depicted in Figure 3.9.

I I 1
R,
+ + +
Vi <> R, Rs Vs <> R, Ry Vs C) R
(a) Rs = Rs||R4 (b) Re = R1 + Rs (c) R7 = Rz||Rs

Figure 3.9: Circuit reduction using series/parallel combination of resistors.

From Figure 3.9(c), the current, I, supplied by the voltage source can now be calculated using Ohm’s

law

AT

127:
* R 6

In Figure 3.9(b), current through Rs can be found by applying CDR between R2 and R i.e.

Re 15
I I =5 —3A
2 ‘Ro+ Rg 10+ 15

.'.IRG = IS—IR2=2A
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Since Ry is a series combination of Ry and Rs, therefore
Ip, =Ip, =2A

The current I, is the sum of currents through the parallel combination of 23 and R4. Hence CDR
can be applied to determine the currents through each resistor. Since R3 = R4, therefore the currents

Ir, and IR, are

In,=1Ig, =1A

3

3.5 Superposition Theorem

Superposition theorem is extremely useful for analysing electric circuits that contains two or more
active sources. In such cases, the theorem considers each source separately to evaluate the current
through or voltage across a component. The resultant is given by the algebraic sum of all currents or
voltages caused by each source acting independently. Superposition theorem can be formally stated

as follows

“The current through or voltage across any element in a linear circuit containing several
sources is the algebraic sum of the currents or voltages due to each source acting alone,

all other sources being removed at that time.”

Linearity is a necessary condition for the theorem to apply. Fortunately, the v, 7 relationship for R, L

and C are all linear.
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The sources can be removed using the following methodology,
1. Ideal voltage sources are short-circuited

2. Ideal current sources are open-circuited

In general, practical sources are replaced by their internal resistances.

Example

Find the voltage V7, using Superposition theorem in the circuit diagram of Figure 3.10.

— 1}

10Q

+
+

mc) ORI

Figure 3.10: An electric circuit containing multiple sources.

Step 1: Suppressing the 1 A current source by replacing it with an open circuit

This will result in the circuit diagram of Figure 3.11(a). The output voltage, now called VL/, is the

voltage across the 5 € resistance. Since both 10 €2 and 5 €2 are in series, VDR can be applied here

/
V=10 =333V
L 10+5
.
L ®
10Q
14 CD 50 7
(a) Superposition (step 1) - suppressing the (b) Superposition (step 2) - suppressing the
current source. voltage source.

Figure 3.11: Application of superposition theorem to Figure 3.10.

Step 2: Suppressing the 10 V voltage source by replacing it with a short circuit

The resulting circuit diagram is shown in Figure 3.11(b). The output voltage is now represented by
VL” and has the same polarity as V7. It is obvious that both the resistors are in parallel and therefore
CDR can be applied to determine the current flowing through 5 2 resistor.
10
1 =1
T 0+5
"V, =Iax5 =333V

=0.67TA

Download free ebooks at bookboon.com

41



Concepts in Electric Circuits Circuit Theorems

The total voltage, according to the superposition theorem is then given by the sum of VL' and VL" ie.
Vi =V, +V;, =333+333=6.66V

Superposition Theorem - Power Calculation

Although the superposition theorem can be used to find the voltage across and current through a
circuit element by adding the responses due to each source acting alone, the power (as a nonlinear

relationship) cannot be evaluated until the net voltage or current is found. This is because

P = (h+L)?*R#IR+ IR
Vi+W)? V2 VF
p = ~— " “/ L, 72
or 7 #R-i-R

3.6 Thévenin’s Theorem

Thévenin’s theorem provides a useful tool when solving complex and large electric circuits by reduc-
ing them to a single voltage source in series with a resistor. It is particularly advantageous where a
single resistor or load in a circuit is subject to change.

Formally, the Thévenin’s theorem can be stated as

“Any two-terminal linear electric circuit consisting of resistors and sources, can be re-
placed by an equivalent circuit containing a single voltage source in series with a resistor

connected across the load.”

In the circuit diagrams shown in Figure 3.12, the current I;, through the load resistance Rj, is the

same. Hence the circuits are equivalent as far as the load resistor Ry, is concerned.

I

Two-terminal

Network Ry

Thévenin’s Equivalent Circuit

Figure 3.12: Tllustration of Thévenin’s theorem.

The following steps outline the procedure to simplify an electric circuit using Thévenin’s theorem

where Vg and Ry are the Thévenin’s voltage and Thévenin’s resistance respectively.

1. Remove the load resistance Rj,.

2. Vrpg is the open circuit (OC) voltage across the load terminals and
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3. Rrp is the resistance across the load terminals with all sources replaced by their internal resis-

tances.

Alternatively, measure the OC voltage across, and the short circuit (SC) current through the load

terminals. Then

V.
Vra = Voe and Rry = TOC (3.27)

Example

Use Thévenins theorem to find the current through the 5 € resistance in the circuit diagram of Fig-
ure 3.13.

10Q 150

10V 200

T\
N

e B

Figure 3.13

To evaluate R, remove the load resistance of 5 {2 and replace the 10 V voltage source by its internal

resistance as depicted in Figure 3.14(a).

T T ey, BEPY
.
10Q 15Q 10Q 15Q

+

*+— Ry 10V<

B

B

(a) Step 1: Determining the Thévenin’s resis-

(b) Thévenin’s voltage calculation.

tance.

Figure 3.14: Determination of Thévenin’s voltage, Vi and Thévenin’s resistance, Rpp.

Ry is then given by

10 x 20

15 =21.672
10 + 20 *

Ry = (10]]20) + 15 =

To determine Vg or V,. across the OC load terminals, note in Figure 3.14(b) that the voltage across
the 20 €2 resistance is the same as V. since the right loop is open and no voltage drop occurs across
the 15 2 resistance (I150 = 0).

The 10 2 and 20 €2 resistors are in series therefore VDR can be employed to determine V.

20

=6.67TV
10+ 20

Vrag = Voe =10
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The Thévenin’s equivalent circuit can now be drawn as shown in Figure 3.15. The load resistance of

5 € is inserted back between the terminals A and B and the load current can be found as follows

Vra 6.67

= = =0.25A
Rrg+ R  21.67+5

Is0

Ry=21.67Q

5Q

Thévenin’s Equivalent Circuit

Figure 3.15: Thévenin’s equivalent circuit for Figure 3.13 across the 5 {2 load resistance.
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3.7 Norton’s Theorem

Thévenin’s equivalent circuit is a practical voltage source. In contrast, Norton’s equivalent circuit is

a practical current source. This can be formally stated as

“Any two-terminal, linear circuit, of resistors and sources, can be replaced by a single

current source in parallel with a resistor.”

To determine Norton’s equivalent circuit, Norton current, I, and Norton resistance, Ry, are re-

quired. The following steps outline the procedure required.
1. Remove the load resistance, R;..
2. Ip is the SC current through the load terminals and
3. Ry is the resistance across the load terminals with all sources replaced by their internal resis-
tances. Clearly Ry = Rrpy.
Example
For the circuit diagram depicted in Figure 3.13, use Norton’s theorem to determine the current through
the 5 € resistance.

As mentioned above, The Norton’s resistance is the same as the Thévenin’s resistance, i.e.

Ry =21.67Q

To find Norton’s current, the terminals A and B in Figure 3.14(b) are short circuited. Then the current

through the short circuited terminals is the Norton current, Iy or /.

p A
10Q 150
i L.
10V C) 200
B

Figure 3.16

There are a number of ways to solve the above circuit such as KVL, KCL, however, circuit reduction

techniques have been chosen here.

Firstly, the total current supplied by the voltage source can be found by adding the resistances using

series/parallel combination.

15 x 20
= (15]|2 10=———+10=1857Q
Req = (15]|20) + 10 50 T 10 8.57
|78 10
g = =-—— =054A
® " Re, 1857
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Since I, = I10q, Isc can be found by employing CDR between the 15 €2 and 20 {2 resistances i.e.

20 20
=l;——=054—=031A
15+ 20 0535 03

The Norton’s equivalent circuit can be drawn as shown in Figure 3.17.

ISC

9 A

| t
| I
| I
| I
| A I
1 0.31 Al 21.67Q | 5Q
| I
| I
| I
| I
| t

Norton’s Equivalent Circuit

Figure 3.17: Norton’s equivalent circuit for Figure 3.13 across the 5 €2 load.

The current through the 5 € resistance can be determined by the application of CDR between Ry, and
Ry, thus

21.67
Ig=031—2"  —0925A
s0 = 0315575 = 025

which also tallies with the result when Thévenin’s theorem was employed.

3.8 Source Transformation

In an electric circuit, it is often convenient to have a voltage source rather than a current source (e.g. in
mesh analysis) or vice versa. This is made possible using source transformations. It should be noted
that only practical voltage and current sources can be transformed. In other words, a Thévenin’s
equivalent circuit is transformed into a Norton’s one or vice versa. The parameters used in the source

transformation are given as follows.

Thévenin parameters: Vg, Rrg = Ry = Rrp, Iy = XfTTZ

Norton parameters: In, RN — Rrg = RN, Vrg = RyIn

Any load resistance, Ry, will have the same voltage across, and current through it when connected
across the terminals of either source.

Example

In Figure 3.13, use repeated source transformation to determine the current through the 5 €2 resistance.
Noting that the voltage source and the 10 €2 resistor are in series, transform the combination into a

current source in parallel with the 10 €2 resistor. The magnitude of the current source is calculated as

follows
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V10
1= =10 1A
The resulting schematic is depicted in Figure 3.18(a). Now the 10 §2 and 20 €2 resistors are in parallel
which can be combined together to form a single resistance of 6.67 {2 (see Figure 3.18(b)). This
resistance will be in parallel with the 1 A current source that can be transformed back to a voltage
source in series with the 6.67 €2 resistance resulting in single loop as shown in Figure 3.18(c). KVL
can be applied to determine the loop current which is the same current flowing through the 5 ()

resistor. Hence
6.67

=—————=025A
6.67+ 1545

Is0

50 *’5“ 150 VS“

A A
1AC> 100 200 50 1A(> 6.67Q 50

(@) (b)

+
6.67 VC) 5Q

(©
Figure 3.18: Repeated source transformation of Figure 3.18
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3.9 Maximum Power Transfer Theorem

As discussed in the section on Thévenin’s theorem, any DC network of sources and resistances can
be replaced by a single voltage source in series with a resistance connected across the load (see
Figure 3.12). The maximum power transfer theorem states that the power delivered to the load is
maximum when the load resistance, R;, is equal to the internal (source) resistance, Rs of the DC
power supply. In other words, it can be said that the load resistance must match the Thévenin’s

resistance for maximum power transfer to take place i.e.,

(Rs = Rru) = Ry,

When this occurs, the voltage across the load resistance will be % and the power delivered to the load

is given by
P = Vi
= I?’R;
V2
P = — 2R
(Rs + Rp)2 *

The above equation is plotted in Figure 3.19 which clearly demonstrates maximum power delivered
when Rs = Rp. Under this condition, the maximum power will be

2
Praz = 4‘;‘% (3.28)

P, W)

LR =R
R @)

Figure 3.19: Illustration of maximum power transfer theorem.

3.10 Additional Common Circuit Configurations

In addition to the examples described in the previous sections, there are certain situations where direct
application of the circuit rules may not be possible. In this section, two such configurations and their

solutions are described.
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3.10.1 Supernode

A supernode exists when an ideal voltage source appears between any two nodes of an electric circuit.
The usual way to solve this is to write KCL equations for both nodes and simply add them together
into one equation ignoring the voltage source in question. However, this would mean one less equa-
tion than the number of variables (node voltages) present in the circuit. A contsraint equation can be
easily specified given by the magnitude of the ideal voltage source present between the nodes and the

respective node voltages. The following example will help clarify this scenario.

Example

Determine the voltage across the 1 A current source in the circuit diagram of Figure 3.20 using nodal

analysis.

supernode

Vi
<
1A

Figure 3.20: Illustration of a supernode.

A simple inspection of the circuit diagram reveals the existence of three nodes excluding the reference
and are labelled as V7, V5 and V3 as their respective node voltages. The presence of an ideal voltage

source between nodes 2 and 3 creates a supernode and a constraint equation is necessary.

As mentioned, nodal analysis is carried out as normal and the nodal equations of nodes 2 and 3 will
be added together.

Node 1
_Vl_V2+V1_V3

10 10

1

10=2V; -V, — V3 (3.29)
Supernode

([ Va=V1 VS Vs V53—V
O‘( 10 +10>+<10+ 10 >

O=-Vi+V2+ V3 (3.30)

Since there are three variables and two equations, therefore another equation is needed. This can be

written as the constraint equation between nodes 2 and 3 as follows
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Constraint Equation

Vo—V3=2 (3.31)

Equations 3.29, 3.30 and 3.31 can be solved simultaneously to determine the node voltages Vi, V5
and V3. Herein, the voltage, V7, across the current source is required only. Hence by using Cramer’s
rule

10 -1 -1
0 1 1
Vl:ﬁ: 2 1 -1 0w,
A 2 -1 -1
-1 1 1
0o 1 -1

3.10.2 Supermesh

A supermesh exists when an ideal current source appears between two meshes of an electric circuit.
In such a situation, like supernode, mesh equations are written for the meshes involved and added
giving a single equation. Again, there would be one less equation than the number of variables (mesh
currents) and hence a constraint equation is needed. This would be based on the magnitude of the
ideal current source present between the two meshes and their mesh currents. The following example

will help clarify this scenario.

What do the telephone handset and
the Celsius thermometer have in common with
the pacemaker and the computer mouse?

They are all
Swedish inventions
used every day worldwide.
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Example

Determine the current supplied by the 10 V voltage source in the circuit diagram of Figure 3.21.

———e e e

+

\\\ . \I

v Lo 1A<> Lo 100
// Y //’ |
- -~ g |

F g

Figure 3.21: Illustration of a supermesh.

Mesh 1
10]1+10(Il *_[2)“1“10(_[1 *Ig) = 0
3h—I,b—13 = 0 (3.32)
Supermesh
[10([2 — Il)] + [10([3 - Il) + 10[3] = 10
2L+ 1L +23 = 1 (3.33)
Constraint Equation
Ih—1Is=1 (3.34)

The current supplied by the 10 V source is I3, thus according to Cramer’s rule

3.0 -1
—2 1 2
P L BTN
A 3 -1 -1
2 1 2
0 1 -1

3.11 Mesh and Nodal Analysis by Inspection

It may seem rather cumbersome and demanding (especially for the beginners) to write correct nodal
and mesh equations using the methods outlined in Sections 3.4.1 and 3.4.2. Although it is vital that
students have a clear understanding of the underlying concepts, nonetheless there are methods devised
to write nodal and mesh equations by inspection using ad hoc relationships. This provides a useful

way to quickly analyse a given circuit to determine a particular current or voltage.
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3.11.1 Mesh Analysis

To demonstrate writing mesh equations by inspection, consider Figure 3.2(c) which consists of three
meshes with currents denoted as I;, I» and Is. The mesh equations have been derived earlier in

Equations 3.4, 3.5 and 3.6 and reproduced below for convenience.

Ve = (Ri+ R2)l1 — Rola — Ry 13 (3.35)
0 = —Ryly+ (Ro+ Ry)l (3.36)
0 = —Ril+ (R + Ry)ls (3.37)

In matrix form, the above equations can be written as

Vs Ri+ Ry —Ro - L
0 = —Ry Ry + R3 0 I (3.38)
0 —Ry 0 R+ Ry I3

The order of the resistance matrix (R) is the same as number of loops in the circuit. Additionally it

has a general structure as outlined below which is independent of the number of equations or meshes.

Ry; =  i" diagonal entry
= sum of all resistances in the 7" mesh.
R;; = off-diagonal entry

—[sum of resistances common to meshes ¢ and 7].

R =R” ie. R isasymmetric matrix.

3.11.2 Nodal Analysis

The circuit diagram in Figure 3.4(c) can be used to demonstrate the technique to write nodal equations
by inspection. The equations for this circuit have been derived earlier and reproduced below for

reader’s convenience.

R Ry Ry
1 1 1 1 1
0 = —— Vit (st to | Vo oV
R 1+<R2+R4+R5> 2T R
1 1 1
0 = — Vot (—+—)V
Rs 2+(R3+R5> s
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. 1 . .
Noting that R G (conductance), the above equations can be rewritten as follows

I, = (Gi+Gy)Vi—GaVs

In matrix form

0 = —GiVi+ (Ga+Gy+Gs5) Vo —G5V3
0 = —-GsVo+ (G3+G5)V3
I G1+ Gy —Gy 0 Vi
0| = -Gy Ga+Gis+Gs —Gs Va
0 —Gs Gz + G5 V3

(3.39)
(3.40)
(3.41)

(3.42)

The conductance matrix (G) has the same order as the number of nodes excluding the reference node.

Moreover, it has a general structure as outline below which is independent of the number of nodes in

the network.

Gii

ith diagonal entry

= sum of all conductances directly connected to i node.

= off-diagonal entry

—[sum of conductances connected between nodes ¢ and j].

GT ie. G isasymmetric matrix.
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Chapter 4

Sinusoids and Phasors

4.1 Introduction

In Chapter 3, circuit analysis was carried out with DC excitation voltage or current. Herein, the re-
sponse to same type of RLC circuits is analysed using AC sources. Phasors are introduced as well
as the concept of impedance of an electric circuit. The chapter concludes with power relationships in

AC circuits and its related theory.

The concept of sinusoidal current and voltage is first introduced as this forms the basis of AC circuit

analysis.

4.2 Sinusoids

In circuit analysis, the term AC generally refers to a sinusoidal current or voltage signal. Sinusoids
or more commonly sine waves are arguably the most important class of waveforms in electrical en-
gineering. A common example is the mains voltage which is sinusoidal in nature. In general, any
periodic waveform can be generated using a combination of sinusoidal signals of varying frequencies
and amplitudes. The two most important parameters of a sine wave are its amplitude, V,,, and fre-

quency, f or time period, 7.

Figure 4.1(a) shows a sinusoid and related parameters V,,, and T'. The frequency is then given by the
reciprocal of the time period i.e. f = % Note that two complete cycles (time periods) are plotted

which clearly shows the periodic nature of a sine wave.

Peak to peak amplitude is also occasionally used given as two times the peak amplitude. Another pa-
rameter that is vital for AC analysis is the phase, ¢ of the sine wave. This is normally measured with
respect to a reference waveform as shown in Figure 4.1(b). It is important to point out that sinusoidal
generally refers to either sine or cosine waveform where the cosine wave has the same shape but is

90° out of phase with respect to the sine wave.

Mathematically, a sinusoidal signal is given by the general form
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v, v
() ()
E E
=0 =0
£ £
< <
Time (seconds) Time (seconds)
(a) Sinusoidal waveform and related parameters. (b) Phase shift between two sine waves.
Figure 4.1: Parameters of a sine wave (a) Amplitude and time period, (b) Phase
v(t) = Vi sin(wt + ¢) 4.1)
where
Vin — amplitude or peak value
2w .
w=2nf= T= " angular frequency in rad/s
10) — phase angle in degrees or radians

when ¢ = 90, sin(wt + 90°) = cos(wt)!.

'use the trigonometric identity sin(a + 3) = sin avcos 8 + cos asin 3
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4.2.1 Other Sinusoidal Parameters
Mean or Average Value
Given a discrete sequence of signals such as 1,2, 3,4, 5 the average value is calculated as follows

1+24+3+4+5
- -

3

Average Value =

For a continuous periodic waveform such as a sinusoid, the mean value can be found by averaging all

the instantaneous values during one cycle. This is given by

1 T
Vaw = 7 /0 o(B)d(t) 42)

Clearly, the average value of a complete sine wave is 0 because of equal positive and negative half

cycles. This is regardless of the peak amplitude.

Average value of a fully rectified sine wave By taking the absolute value of a sine wave, a fully
rectified waveform can be generated. In practise, this can be achieved by employing the bridge circuit
shown in Figure 4.2(a) with sine wave as the excitation signal. The output waveform across the load,
Ry, is depicted in Figure 4.2(b) with a time period of 7'/2 where T is the time period of a normal sine

wave. Thus

Vaw = — 4.3)

Amplitude

W) f\)

Time (seconds)

(a) Full wave rectification circuit (commonly known as (b) Fully rectified sine waveform.
a bridge rectifier).

Figure 4.2: A bridge rectifier and the resulting fully rectified sine waveform

A bridge rectifier circuit is common in DC power supplies and is mainly employed to convert an AC

input signal to a DC output.
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Average value of a half rectified sine wave A half wave rectification circuit is depicted in Fig-
ure 4.3(a) and the resulting waveform is also shown in Figure 4.3(b). In this case, the negative half

cycle of the sine wave is clipped to zero and hence the time period 71" of the waveform remains the

same. Therefore,

1 [T/2 1 /T
V,w:/ vtdt—i—/ 0-dt
I ECLORE- Y

Vow = — 4.4)

[
©
2
=1
(1) f\) R, £ T2 T 3T 21
<
Time (seconds)
(a) Half wave rectification circuit using a (b) Half wave rectified sine waveform.

single diode.
Figure 4.3: A half wave rectification circuit and the resulting output.

A half wave rectifier is also commonly employed in DC power supplies for AC to DC conversion.
This requires just one diode as opposed to four in a bridge rectifier. However, the average value is

half of the full wave as given by Equation 4.4.

Effective or RMS Value

The effective or root mean square (RMS) value of a periodic signal is equal to the magnitude of a
DC signal which produces the same heating effect as the periodic signal when applied across a load

resistance.

Consider a periodic signal, v(t), then

1 T
M = = t) dt
ean T /0 v(t)
Mean S !
ean Square =
d T

1 (T
Root Mean Square = / v2(t) dt 4.5)
0
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The RMS value of a sine wave is found out to be

Vin
V;“ms i~ 4.6
V2 0

The mains voltage of 230 V in the UK is its RMS value. A multimeter measures RMS
voltages whereas an oscilloscope measures peak amplitudes. Hence the mains voltage
when displayed on an oscilloscope will read 230 x /2 = 325.27 V

All the above expressions are independent of the phase angle ¢.

4.3 Voltage, Current Relationships for 1, L and C

The AC voltage-current relationships for a resistor, inductor and capacitor in an electric circuit are

given by
R — wgr(t)=Ri(t) 4.7
L — o) =10 “38)
vr(t) = o .
C = velt) = % / it) dt 4.9)
ifi(t) = I, sin(wt), then
vr(t) = RIy,sin(wt) (4.10)
vr(t) = L d I sin(wt) = wLI,, cos(wt) = wLI,, sin(wt + 90°) 4.11)
ve(t) = C’/ m sin(wt)d IC cos(wt) = i—c sin(wt — 90°) (4.12)
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It is clear that with AC excitation, all voltages and currents retain the basic sine wave shape as depicted

in Figure 4.4(a).
VL
A
2 90°
Ep
£ E,—>VR
<
-90°
\{
Ve
Time (seconds)
(a) Voltage waveforms across R, L and C' showing the phase (b) Vector diagram show-
difference. ing V — I phase lag/lead

concept in RLC'.

Figure 4.4: Phase difference between voltages across R, L and C'.

However, a phase difference of 90" (lead) and —90° (lag) with respect to the input current is observed
in the inductor and capacitor voltages respectively. This is demonstrated in the vector diagram of
Figure 4.4(b). A simple way to remember this concept is to consider a CIVIL relationship where C,

L,V and I represents capacitor, inductor, voltage and current respectively.

This reads as

In a Capacitor (C'), current, I leads voltage, V whereas V leads [ in an inductor (L).

4.4 Impedance

From Equations 4.10, 4.11 and 4.12, the magnitudes of the ratio of voltage to current across the three

circuit elements can be written as

VR

—| = R 4.13
I (4.13)
Vi = wl (4.14)
I,

Vo 1

A 4.15
I wC ( )

where wL and % have the dimensions of resistance (£2) and are termed as inductive reactance and

capacitive reactance respectively i.e.

X1, =wL — inductive reactance

1 ..
Xc=— — capacitive reactance
wC
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The impedance, Z can now be defined by the following relationship

Impedance = Resistance == j Reactance

or Z = R+ ;X where j represents a 90° phase shift

X is positive for inductance and negative for capacitance. The magnitude and phase of the impedance

can be calculated as follows

1Z| = VR2+ X2 (4.16)

X
¢ = arctan iﬁ 4.17)

Admittance The reciprocal of impedance is called admittance (Y') and is measured in . Mathe-

matically

1 I
Y = — = —
zZ Vv
Also Y = G+ jB, where G and B represents conductance and susceptance respectively. For a purely

resistive or purely inductive/capacitive circuit

1 1
G=—and B = —

R X
For a combination of resistance and reactance

1 1

Y:—:i
Z R+3X

multiply and divide by the complex conjugate
_ R—jX
T R2 1 X2

y__ R X
_R2—|—X2 JR2+X2

R X

G myxe © R? + X2

4.5 Phasors

Addition of two out-of-phase sinusoidal signals is rather complicated in the time domain. An example

could be the sum of voltages across a series connection of a resistor and an inductor.

Phasors simplify this analysis by considering only the amplitude and phase components of the sine
wave. Moreover, they can be solved using complex algebra or treated vectorially using a vector dia-

gram.
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Consider a vector quantity A in the complex plane as shown in Figure 4.5(a). Then

A=atjy (4.18)

where x = A cosf and y = Asin 6, therefore

A = Acosf+ jAsind

= A(cosf+ jsin®)
el = cosf+ jsin@ (Euler’s formula) (4.19)
LA = Al (4.20)
Im
Im B sin(wi+4)
K n ﬁ
l
|
y A :
|
I
9 |
L Re
X
(a) Phasor as a vector (b) Relative motion of two phasors
Figure 4.5: Vector representation of a phasor.
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Equation 4.20 is the phasor notation of the vector A where A is the length of the vector or amplitude

of the signal and 6 is the angle which A makes with a reference phasor.

Rotating Vector Concept Let § = wt, therefore A = Ae/“! where w is the angular velocity and
t is the time. Then A can be regarded as a vector rotating with an angular velocity w. Now if two
phasors are rotating with the same velocity as illustrated in Figure 4.5(b), then their relative positions

are unchanged with respect to time and therefore can be added.

Two or more sinusoidal signals can be added mathematically using phasors if they all

have the same angular velocities.

Polar form is also commonly used to represent a phasor and is given by the magnitude (modulus) and
phase (argument) of the signal i.e.,
A=AZ0

It may be convenient to transform the polar form into cartesian form (Equation 4.18) and vice versa

when adding two sinusoidal signals.

Example

Express the following as phasors and write the corresponding polar and cartesian forms.
1. 5sin(wt + 45°)
2. 2cos(wt)
3. 10sin(wt)

4. 3cos(wt + 30°)

Solution
1. 5e/45° or 5ed™/4 (phasor notation)

(a) 545 (polar form)
(b) 5cos45% + j5sin45° = 3.54 + j3.54 (cartesian form)

2. 2sin(wt 4 90°) = 279" (phasor notation)

(a) 2290 (polar form)
(b) 2¢c0s90° + j2sin90° = 0 + 52 (cartesian form)

3. 1067 (phasor notation)

(a) 10£0° (polar form)
(b) 10cos 0% + j10sin 0° = 10 + 50 (cartesian form)

4. 3sin(wt + 30° + 90°) = 3sin(wt 4 120°) = 3¢420° (phasor notation)
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(a) 3£120° (polar form)
(b) 3cos120° + j3sin 120 = —1.5 4 ;2.6 (cartesian form)

In the above examples and all other instances in this book, sin wt is used as a reference for phasor
conversion. This means that a cosine signal is converted to a sine wave before writing the phasor
notation. It is also valid to use coswt as reference, however, consistency is required in a given

problem.

Example

Express the following as sinusoids.
1. 2¢7/2
2. Hel™/4
3. 5+6j

4. 31120

Solution
1. 2sin(wt 4+ 7/2) = 2 coswt
2. 5sin(wt + 7/4)
3. V62462 = 7.81, tan1 & = 50.20 = 7.8150.2° = 7.81 sin(wt + 50.2°)

4. 3sin(wt + 120°) or 3sin(wt + 30° + 90°) = 3 cos(wt + 30°)
Example
Add the following two sinusoidal signals using (a) complex algebra (b) vector diagram.

vi(t) = 2sin(5t 4 30°)
va(t) sin(5t + 60°)

Solution (a) Since w = 5 rad/s for both sinusoids, hence phasors can be employed to add these

signals.

The polar form representation for v; and v is
Vi =230, Vy=1260°
The sum of the phasors is given by

V=V;+Vy
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vV = 2/30°+12£60°
converting polar to cartesian coordinates
= 2c0s30% + j2sin 30° + cos 60° + j sin 60°
= 1.732+ 35+ 0.5+ j0.866
= 2.232+ 51.866
converting back to polar form

V = 291/39.9°
~ou(t) = 2.91sin(5t + 39.9°)

Solution (b) See vector diagram in Figure 4.6 for the solution.

Figure 4.6: Addition of phasors using a vector diagram.
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4.6 Phasor Analysis of AC Circuits

Fortunately, the techniques employed for DC circuit analysis can be reused for AC circuits by follow-

ing the procedure outlined below:

1. Replace sinusoidal voltages and currents, v and ¢ by their respective phasors.

2. Replace the linear circuit elements R, L and C by their respective impedances R, jwl and
—j/(wC).

3. Use DC circuit laws redefined for AC circuits below to evaluate the required voltage and current

phasors. Complex algebra will have to be employed to simplify the equations.

a. Ohms law V=27I
b. KVL >V =0 (mesh voltages)
c. KCL >> I =0 (nodal currents)
d. Impedances in series: L =71+Zy+---
Imped i 1lel L ! + ! + Y=Y1+Y,+
e. Impedances in parallel: - 4 4...orY =
p p 7 7 Z 1 2
f. VDR (imped in series) v—y. 2
. impedances in series =V
p 3 E Z
g. CDR (impedances in parallel) Li=1-

4. Convert the voltage and current phasors back to sinusoidal form using the techniques learned
in the previous section.
Example
Use phasor analysis to determine the voltage across the terminals a and b in the circuit diagram of
Figure 4.7.

In phasor form, the supply voltage can be written as

V = 10£0" where w = 2rad/s
The 1 € resistance and 1 H inductance can be combined into a single impedance Z;. Similarly the
2 Q) resistance and 1 F capacitor can be added to form Z5 as shown in Figure 4.7.
i =R+jwL=1+4+j52x1=14+3520Q

Also
Zy=R+1/(jwC)=2+1/(j2x1)=2—-30.5Q
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v(£)=10 sin 2¢

Q)

Figure 4.7

Steps 1 and 2 of AC circuit analysis have now been completed whereas step 3 entails the use of one
of the circuit laws. Since both Z; and Z5 are in series with the voltage source, therefore VDR can be

applied to determine the voltage across Zo which is also the voltage across the terminals a and b.

A
V22
Z+ 2y

= 1020°

Vab =
2 0.5
1+52+2— 505

_ 0
10200 - 2.06£—14.04

3.35/26.560

10 x 2.06
= === /(0% — 14.04° — 26.56°
3.35 ( )

Vab = 6.15£—-40.6°
Svg(t) = 6.15sin(2t — 40.6°) V

Example

For the circuit diagram shown in Figure 4.8, determine the voltage V' across the 5 2 impedance and

specify it in time domain when w = 1000 rad/s.

Figure 4.8

The circuit for this example is an AC bridge circuit which is similar to the bridge rectifier circuit in

Figure 4.2(a). This can be solved using mesh analysis with mesh currents I;, I and I3 as shown.
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Mesh 1
(I — I2)(—j10) + (I; — I3)(20) = 2
(20 — j10)I; + j10I; — 2015 = 2 4.21)
Mesh 2
(I — I1)(—j10) + j20I + (I — I5)(10) = 0
j10I; + (10 + j10)I, — 1013 = 0 (4.22)
Mesh 3
(Ig —Il)(20)—|— (13—12)(10)-1-13(5) =0
—2011 — 1015 +35I3 = O (4.23)

Equations 4.21-4.23 can be solved simultaneously to determine the unknown mesh currents using
Cramer’s rule as outlined in Appendix A. In this case, since the voltage across the 5 €2 resistance is

required, therefore only the current /3 is evaluated using the following relationship.

_ 23

I
STA

What do the telephone handset and
the Celsius thermometer have in common with
the pacemaker and the computer mouse?

They are all
Swedish inventions
used every day worldwide.
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where
20 — 410 710 2 20 — 410 710 —20
Az = 710 10+510 0 | and A = 710 104+ 410 —-10
—20 —10 0 —20 —10 35

I3 = 0.05 — j0.0024 (A) = 0.05£-2.8° A

SV =5x1I3=5x0.05/-28"=0.25/-28"V

In the time domain

v(t) = 0.25sin(1000t — 2.8°) V

The mesh and nodal equations for AC circuits can also be directly written in matrix form by inspection
using the same method as outlined in Section 3.11 for DC circuits. However, the R and (G parameters
are replaced by Z and Y respectively and complex algebra is employed for all complex numbers

computations.

4.7 Power in AC Circuits

From DC circuit analysis in Chapter 3, power is given by the following relationship

P = VI Watts
Therefore the instantaneous power is given by p(t) = wv(t) - i(t). Let i(t) = I, sin(wt + [3) be
the current flowing through an impedance, Z, then the voltage across the impedance will be v(t) =
Vi sin(wt + «). Therefore
p(t) = Vil sin(wt + o) sin(wt + 3)

Using the trigonometric identity

sin Asin B = % [cos(A — B) — cos(A + B)]

1 1
p(t) = —ivmfm cos(2wt + o+ ) + §lem cos(a — 3) (4.24)

The first term is a time-varying sinusoidal waveform with twice the frequency of v(¢) or i(t) and an
average value of zero. On the other hand, the second term is a constant quantity and is called the DC

level or average value of the power signal, p(t) or average power delivered to the load i.e.,

1
P, = iVmImcos(a—ﬁ)
1
Pav = 5VinImcos(o) (4.25)
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where ¢ = a — (3 is the phase angle between v(¢) and i(t).

The waveform p(t) is plotted in Figure 4.9 for an arbitrary value of ¢ where the negative shaded

portion of the waveform is the power returned (not absorbed by the load) to the source.

Value !
1
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Figure 4.9: Power supplied to a generic load impedance.

For a purely resistive load (¢ = 0°), Equation 4.25 becomes

1
Pav = *Vm[m
2

and the resulting power signal, p(t) is depicted in Figure 4.10(a). In this case, there is no negative

portion of the waveform and hence all the power is dissipated in the load.

Averag¢ \ i
Value

Power Signal (p(t))

Average

Power Signal (p(t))
o

Time (seconds)

(a) Purely resistive load.

{///////

Time (seconds)

(b) Purely reactive load.

Figure 4.10: Power supplied to purely resistive and reactive loads.

For a purely reactive load, i.e., Z = +jX, ¢ = 90" and P,, = 0. The power signal waveform is

drawn in Figure 4.10(b) showing that the power oscillates between the source and electric/magnetic

field of the load. Thus the power dissipated in the load is zero for a purely reactive load.

In terms of RMS voltage and current, the average power is given by

69
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Prms = V;“ms-[rms COs ¢ (426)

4.8 Power Factor

The term cos ¢ in Equation 4.25 is called the power factor and is an important parameter in determin-
ing the amount of actual power dissipated in the load. In practise, power factor is used to specify the

characteristics of a load.

For a purely resistive load ¢ = 0%, hence Unity Power Factor
For a capacitive type load [ leads V, hence Leading power factor
For an inductive type load [ lags V', hence Lagging power factor

From Equation 4.26, the current can be specified as

Lrns = &

Vims oS ¢
Clearly, for a fixed amount of demanded power, P, at a constant load voltage, V', a higher power
factor draws less amount of current and hence low I?R losses in the transmission lines. A purely
reactive load where ¢ — 90° and cos ¢ — 0 will draw an excessively large amount of current and a

power factor correction is required as discussed in the next section.
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Real and Apparent Power It is important to highlight that in AC circuits, the product of voltage
and current yields the apparent power which is measured in volt-amperes? or VA. The real AC power
is given by Equation 4.26 which is measured in Watts.

Example

An AC generator is rated at 900 kVA (450 V /2000 A). This is the apparent power and represents the
highest current and voltage magnitudes the machine can output without temperature exceeding the
recommended value. The load voltage, however, could be 230 V with a supplied current depending
on the load impedance. The phase angle between the current and voltage determines the power factor

and the real power can be calculated using Equation 4.26.

4.8.1 Power Factor Correction

As mentioned above, to minimise 2R losses in AC networks, it may be necessary to manipulate the
power factor. This can be achieved by connecting a purely reactive impedance, Z’ in parallel with the

load impedance as depicted in Figure 4.11.

\ Ao

+ o
~

I

Figure 4.11: Power factor correction by introducing a pure reactance in parallel with the load
impedance.

By doing so, the phase angle between the line voltage and line current can be adjusted whereas
the power consumption remains the same since a pure reactance does not dissipate any power (see
Figure 4.10(b)). A carefully chosen reactance will decrease ¢ and thus increases the power factor

which in turn reduces the line current.

Example

Given that the RMS line voltage and line current are V = 10020° V and I = 50/—36.9° A respec-

tively, determine the impedance which will result in a unity power factor.
Taking voltage as the reference phasor, the phase angle between the line voltage and line current is

—36.9°
.". Power factor = cos ¢ = cos(—36.90) =0.8

I=1Ip=50/-36.9°=40—j30 A

*In DC circuits, the product of voltage and current is the real power measured in Watts.
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.. real power P = |V||I]| cos ¢ = 100 x 50 x 0.8 = 4 kW

To improve the power factor, an impedance is inserted in parallel with the load as in Figure 4.11

resulting in the following nodal equation

I=I,+1T1

It is clear that for unity power factor, the imaginary component of the line current must be zero. This
is accomplished by assigning a current of j30 A through the pure reactance resulting in the following

line current

I = (40— 530)+ (530) =40 A
Thus I’ = 530 A and the magnitude of the impedance required can be calculated as follows

V100
!/ _ _ .
7= = 0" 73.33 Q)

The power consumed by the load remains the same i.e.

P =|V||[I|cos¢ =100 x 40 x 1 =4 kW

Thus to achieve unity power factor, a pure reactance of —;3.33 (2 is connected in parallel with the
load.

The vector diagram of the above example is shown in Figure 4.12.

Im
A
40
-« 3607 > P Re
30 ' j30
D AN IL
\J

Figure 4.12: Vector diagram to illustrate power factor correction.
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Chapter 5

Frequency Response

5.1 Introduction

The AC circuits concepts presented so far assumes sinusoidal excitation at a fixed frequency. It was
mentioned that two or more signals can be combined using phasors provided they all have the same
frequency. In this chapter, the response of a linear AC circuit is examined when excited with an AC
signal of constant amplitude but varying frequency hence the term frequency response. These signals
are common in everyday application areas such in a radio, television and telephone and can be studied
using frequency response analysis. In addition, filter circuits are introduced and their output response
is observed. Techniques to draw approximate frequency response plots by inspection is described in
the end.
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5.2 Frequency Response

To understand the concept of frequency response, consider a linear circuit with input and output volt-

age signals represented by V; and V, respectively as shown in Figure 5.1.

*——— —e
v Linear v
Network
*————— —e

Figure 5.1: A two port linear network showing the input and output voltage signals.

Now if the input amplitude V; is kept constant whilst its frequency w (rad/s) is varied, then it is ob-
served that the amplitude and phase of the output signal V, will also change. However, the input and
output frequencies remain unaltered. This means that V,, and ¢ become functions of the frequency w
represented by V,,(w) and ¢(w) with V; being the reference signal.

The ratio of the output to input voltage signal is denoted by H (jw) which is a complex function and

can be written mathematically as

H(jw) = 5 5.1
In polar form
: [Vo(w)|£6°(w)
H(jw) Vi1 200 (5.2)
or H(jw) = AZ¢ (5.3)

where the voltage gain A = |H (jw)| and ¢ = arg H (jw) are both functions of frequency, w.

Amplitude Response The variations recorded in the amplitude gain, A with respect to w is called

the amplitude response of the network.

Phase Response The variations observed in the phase, ¢ of the network with respect to w is known

as the phase response.
The amplitude and phase outputs together define the frequency response of a network.

In the next section, filters are introduced and their response to an input signal with varying frequency

is observed. This will help further to clarify the concepts of frequency response analysis.
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5.3 Filters

Filters form a vital part in electrical networks especially where a particular frequency range is of prime
concern. For instance, a radio station is broadcasting a transmission at a frequency of 100 MHz. This
means that it is required to design a receiving filter which allows only 100 MHz frequency to pass
through whilst other frequencies are filtered out. An ideal filter will attenuate all signals with fre-
quencies less than and greater than 100 MHz thus providing the best channel sound quality without

any distortion.

The following sections outline the most commonly used filters found in electric circuits and their

respective frequency responses. This includes low pass, high pass and band pass filters.

5.3.1 Low Pass Filter

A low pass filter allows low frequencies to pass through the circuit whereas high frequencies are
severely attenuated or blocked. Figure 5.2(a) depicts a low pass filter constructed using a simple RC

network. The output voltage, V,, is taken across the capacitor.

V; C Vo Vv R v,

(a) An RC low pass filter. (b) Alternate circuit of a high pass filter
using RL elements.

Figure 5.2: Two different circuits used to construct a low pass filter.

Note that it is also possible to construct a low pass filter using an RL combination as shown in
Figure 5.2(b). Herein, the analysis is restricted to RC' circuit only whereas the RL circuit can be

observed in a similar manner.

The reactance of the capacitor is jw% which will be used in the mathematical analysis of the low pass
filter. To determine V,,, VDR (Chapter 3) can be applied since R and C' are in series hence share the

same current. Therefore

1

Vo = Vit
°  '"14jwRC
Let T' = RC be the time constant, then
V, 1
Hjw) = —=—— 5.4
Gw) = 1+ jwT 5-4)
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The output response of Equation 5.4 to a change in input signal frequency is now investigated.

Atlow frequencies, w ~ 0, .". V,, = V}, i.e. most of V; appears at the output across the capacitor. When
w — o0, V, — 0, hence output voltage amplitude is severely attenuated i.e. very little of V; appear
at V, at high frequencies. Therefore this circuit acts as a low pass filter. The frequency response
can also be visually inspected by plotting the amplitude and phase responses versus frequency. From

Equation 5.4, the amplitude response equation of the low pass filter can be derived as

1

A=|H(jw)| = NiESOTE

and the phase is given by

¢ = arg(H (jw)) = tan_l(—wT)

Forw=~0,A~1land ¢ =0
Forw — 00, A — 0and ¢ — —7/2

Forw= 4, A=-21 =0.7071 and ¢ = —7/4 = —45°
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The response plots are shown in Figure 5.3.

1

o 0.7071} 1

Magnitude (d

1T
(@)

Phase (degrees)
A
(&)
T
I

L
0 1T o
Frequency (rad/s)
(b)

I
©
o

Figure 5.3: Frequency response of a low pass filter where (a) Amplitude response (b) Phase response

Bandwidth The frequency w = 1/7 is the cutoff frequency or bandwidth of the low pass filter. It

is defined as the frequency range for which the amplitude A > % Mathematically, the bandwidth

of an RC' low pass filter is given by

1 1
B idth = — = —
andwidt RO

Clearly the bandwidth is user and problem dependent and can be adjusted simply by tuning the R and

C parameters.
It is more common to express the gain, A of a circuit in Decibels (dB) units given by

which was originally developed as the logarithmic unit of power ratio i.e.

P,
dB Power Gain = 10log;, Fo
i

The amplitude plot in Figure 5.3 is redrawn in Figure 5.4 with gain converted to dB versus logarithm

of frequency. The phase response remains unaltered.

Some vital observations can be made on comparing Figures 5.3 and 5.4.

e Zero dB corresponds to a unity gaini.e. A =1
e Negative dB corresponds to attenuationi.e. A < 1

e Positive dB corresponds to amplificationi.e. A > 1
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I
w o
T

Magnitude (dB)

Phase (deg)
A
a
T

L
1T
Frequency (rad)/s
(b)

Figure 5.4: Frequency response of a low pass filter where (a) Amplitude response in dB (b) Phase
response

e The bandwidth of a low pass filter is the frequency range for which the gain, A > -3 dB

The -3 dB point is also called the half power point since

P, V2 ) 1)° 1
10 loglo F =10 loglo W =10 loglo(A) =10 loglo ﬁ =10 loglo 5 = —-3dB

? i

5.3.2 High Pass Filter

A high pass filter, as the name suggests, allows high frequencies to pass through the circuit whilst low

frequencies are attenuated or blocked. The cut-off point or bandwidth concept is the same as in the

low pass filter.

In practise, the same circuit used for the low pass filter can be adopted as a high pass filter with the

output taken across the resistor this time. The resulting schematic is shown in Figure 5.5(a).

[ ]

[ ]

(a) An RC high pass filter. (b) Alternate circuit of a low pass filter
using L combination.

Figure 5.5: Two alternate circuit configurations used to construct a high pass filter.
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As before, VDR can be applied to determine the output voltage across the resistor in Figure 5.5(a).

R

Vo = sz 1
R+ jwC
Vs 1
FAE
Vi L+ JwRC

Clearly, when w = 0, V,, = 0, and for w — 00, V,, — V;. Hence at high frequencies, most of the input

voltage appears at the output making this circuit as a high pass filter.

The frequency response diagrams are depicted in Figure 5.6 showing low gain at low frequencies
with gain approaching 1 for high frequencies. The phase plot varies from 90° to 0° with the cutoff
frequency, w = 1/7, crossing at 45°.

oF
-3+ il

Magnitude (dB)

920

Phase (deg)
'y
[9)]
T
i

0 L
1T
Frequency (rad/s)
(b)

Figure 5.6: Frequency response of a high pass filter where (a) Amplitude response (b) Phase re-
sponse.
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5.3.3 Band Pass Filter

A band pass filter permits a certain band of frequencies to pass through the network which is adjusted
by the designer. It is simply an amalgamation of a low pass and a high pass filter. If Figures 5.5(a)
and 5.2(a) are joined in cascade, a high pass filter can be constructed as shown in Figure 5.7. In this

case, there are two resistors and two capacitors whose values can be altered to tune the desired band.

Ry

— | —
Ci

V; Ry C,

Figure 5.7: Schematic of a band pass filter.

The amplitude and phase response of a band pass filter is shown in Figure 5.8 highlighting the two
cutoff frequencies w1 and w2. All frequencies within this range in an input signal will be allowed to

pass unaltered through the circuit whilst any frequency outside these limits will be blocked or severely

attenuated.

I
w o
T

Magnitude (dB)

(@)

Phase (deg)

ol Frequency (rad)/s ®2
(b)

Figure 5.8: Frequency response of a band pass filter

5.4 Bode Plots

Bode plots are a graphical way to display the behaviour of a circuit over a wide range of frequencies.
By plotting the amplitude and phase versus the logarithm of frequency, each unit of change on the
w axis is equal to a factor of 10 also called a decade of frequency. Also, there may be a wide
distribution in the amplitude response over a specified range of frequencies. The usual way is to plot
the amplitude in dB and phase in degrees or radians versus the logarithm of frequency. The frequency

response diagrams depicted in Figures 5.4, 5.6 and 5.8 are all Bode plots.
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5.4.1 Approximate Bode Plots

Another advantage of using Bode plots is the easiness through which they can be sketched using a
simple graphical technique which is particularly very useful for complicated transfer functions. In
this method, the numerator and denominator polynomials are factorised which are then treated indi-
vidually. Asymptotic plots are drawn for each first and second order factors by following some simple
rules. The resultant Bode plot is obtained by simply adding all the individual plots. This is another
rationale of employing logarithmic units since log(AB) = log A + log B.

Consider the voltage transfer function of an electric circuit in factored form as follows

K(l +ij1)

H(jw) = (jw)2(1 + jwTs) (1 + wTy)

where K is a constant gain and 17, 75 and T3 are the three time constants. The factor in the numerator
is a zero whereas the two denominator factors are called the poles. The term jw in the denominator

is a second order integrator.

Let A1 Z¢1, AsZpo and A3/ ps represents the magnitudes and phases of the single zero and two
poles of H (jw) respectively. Then the combined amplitude and phase can be written in polar form as

H(jw) = AZ¢
where

- w2A2A3

In dB units, the gain can be specified as

and ¢ = Z(¢1 — p2 — ¢3 — 180°) (5.5)

Hence the individual plots can be simply added to find the resultant amplitude response. In the
following, some simple rules are outlined to draw the approximate or asymptotic Bode amplitude and
phase plots.

Amplitude Response The amplitude response curve is the magntiude of the given transfer function

in dB versus the logarithm of frequency, w in rad/s.
e For a constant gain, K, the amplitude is a horizontal line of magnitue 20 log;, K (Figure 5.9(a)).

e For a simple zero of order 1, the gain is O in the interval, w < 1/T and increases at a rate of
+20 dB/decade afterwards (Figure 5.10(a)).

e For a simple zero of order n, the gain is 0 in the interval, w < 1/7 and increases at a rate of
+20 x n dB/decade afterwards.
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For a simple pole of order 1, the gain is 0 in the interval, w < 1/7 and then decreases at a rate
of -20 dB/decade (Figure 5.11(a)).

e For a simple pole of order n, the gain is 0 in the interval, w < 1/7 and then decreases at a rate
of —20 x n dB/decade.

e For a differentiator of order n i.e. H(jw) = (jwT')", the magnitude is a constant ramp with a
slope of +20 x n dB/decade crossing the 0 dB line at a break frequency of w = 1/7 rad/s (see
Figure 5.12(a) for a first order differentiator).

e For an integrator of order n, the magnitude is a constant ramp with a slope of slope —20 x n
dB/decade crossing the 0 dB line at a break frequency of w = 1/7 rad/s (see Figure 5.13(a)
for a first order integrator).

Note that all amplitude response curves have either a slope of zero or 20 x n dB/decade where n is
the order of numerator or denominator factors.

Phase Response The phase response plot is the phase of the given transfer function in degrees or
radians versus the logarithm of frequency, w in rad/s.

e For a constant gain, K, the phase response is a constant 0Y horizontal line (Figure 5.9(b)).

e For a simple zero of order 1, the phase angle is 0° until 0.1/7, then rises at the rate of
45%/decade and settles at 90° for w > 10 /T (Figure 5.10(b)).

Destination MMU

MMU is proud to be one of the most popular universities in the UK. Manchester

. Metropolitan
Some 34,000 students from all parts of the globe select from its University
curricula of over 1,000 courses and qualifications.

We are based in the dynamic yet conveniently compact city of Manchester,
located at the heart of a sophisticated transport network including a major
international airport on the outskirts. Parts of the campus are acclaimed for
their architectural style and date back over 150 years, in direct contrast to
our teaching style which is thoroughly modern, innovative and
forward-thinking.

MMU offers undergraduate and postgraduate courses in
the following subject areas:

e Art, Design & Performance

e Computing, Engineering & Technology e :

¢ Business & Management For more details or an application form
e Science, Environmental Studies & Geography please contact MMU International.
¢ Law, Education & Psychology email: international@mmu.ac.uk

e Food, Hospitality, Tourism & Leisure Studies telephone: +44 (0)161 247 1022

¢ Humanities & Social Science www.mmu.ac.uk/international

Download free ebooks at bookboon.com

82


http://bookboon.com/count/advert/7ea1fd82-96d7-e011-adca-22a08ed629e5

Concepts in Electric Circuits Frequency Response

e For a simple zero of order n, the phase is 0° until 0.1/7’, then rises at the rate of 45° x n/decade
and settles at 90° x n for w > 10/7T.

e For a simple pole of order 1, the phase is 0° until 0.1/T, then falls at the rate of —45° /decade
and settles at —90° for w > 10/T (Figure 5.11(b)).

e For a simple pole of order n, the phase is 0° until 0.1/7, then drop-off at the rate of —45° x
n /decade and settles at —90° x n for w > 10/T.

e For a differentiator of order ni.e. H(jw) = (jwT)™, the phase plot is a constant line of 90° x n

(see Figure 5.12(b) for a first order differentiator).

e For an integrator of order n, the phase response is a horizontal line of —90° x n (see Fig-
ure 5.13(b) for a first order integrator). In Equation 5.5, the 180° term in the phase angle is due

to the 2nd order integrator.
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(a) Magnitude plot. (b) Phase plot.

Figure 5.9: Asymptotic Bode plots of a constant gain.
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Figure 5.10: Asymptotic Bode plots of a simple zero of order 1.
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Figure 5.11: Asymptotic Bode plots of a simple pole of order 1.
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Figure 5.12: Asymptotic Bode plots of a first order differentiator.
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Figure 5.13: Asymptotic Bode plots of a first order integrator.
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Example

Draw the approximate Bode plots of the following transfer function

10(1 + jw2)
(jwb)(1 + jwl0)?

H(jw) = (5.6)

The above transfer function consists of a simple zero, a second order pole and an integrator. This can

be rearranged in the standard form as below

o (144w/05)
H{jew) = (jw/2)(1 + jw/0.1)2

where 0.5, 0.1 and 2 rad/s are the break frequencies of the simple zero, double pole and integrator

respectively. From the rules outlined above, Bode plot can be drawn by inspection as demonstrated

in Figure 5.14.
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Figure 5.14: Approximate Bode plot for the transfer function in Equation 5.6 where (a) Amplitude
response and (b) Phase response.
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Appendix A

Cramer’s Rule

Given two or more simultaneous system of equations, a convenient way to solve for the unknown

variables is the application of Cramer’s rule as explained below.

Consider three equations with unknown variables x1, x2 and x5 as follows:

a11x1 + apxe +aiz3ry = by (A.1)
a2171 + agx2 + asrs = by (A.2)
a31T1 + azare + azzry = bsy (A.3)

where a;; and b;; are constants and 4, j = 1,2, 3.
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Cramer’s Rule

In matrix form, the above equations can be written as

ail a2 a3
a1 Q22 Aaz3

azr asz2 as3

z1
Z2

T3

To determine x1, x2 and x3, the following determinants are evaluated

ail

a31

Ay = || by

ai1
Ay = | ag

a31

ai
Az = | an

a31

a12
a22

a32

a12
a22

a32

a12
a22

a32

ais
a3

ass

ai3
a23

ass

a13
a23

ass

Then 21, x2 and x3 can be found according to the following equations

rT =

Tro9 =

r3 =

A1
A
A

A

=3
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